Abstract. In this paper the spectral properties of Dirac operators Aη with electrostatic δ-shell interactions of constant strength η supported on compact smooth surfaces in R 3 are studied. Making use of boundary triple techniques a Krein type resolvent formula and a Birman-Schwinger principle are obtained. With the help of these tools some spectral, scattering, and asymptotic properties of Aη are investigated. In particular, it turns out that the discrete spectrum of Aη inside the gap of the essential spectrum is finite, the difference of the third powers of the resolvents of Aη and the free Dirac operator A 0 is trace class, and in the nonrelativistic limit Aη converges in the norm resolvent sense to a Schrödinger operator with an electric δ-potential of strength η.
Introduction
Singular δ-interactions are often used as idealized replacements for strongly localized electric potentials; the spectral data, scattering properties, and the location of resonances for the original operator can be deduced then approximately. While Schrödinger operators with δ-interactions supported on manifolds of small co-dimensions were investigated extensively, cf. the monographs [1, 11, 22] and the review article [21] , much less attention was paid to Dirac operators with δ-interactions.
Let us choose units such that = 1 and denote the speed of light by c. It is well-known that the free Dirac operator
where m > 0 and α = (α 1 , α 2 , α 3 ) and β denote the Dirac matrices (1.1), is selfadjoint in L 2 (R 3 ; C 4 ) and that
The free Dirac operator describes the motion of a spin-1 2 particle with mass m in vacuum taking relativistic aspects into account; cf. [32] . In the following let Σ be the boundary of a bounded C ∞ -smooth domain Ω ⊂ R 3 . Then the Dirac operator with an electrostatic δ-shell interaction supported on Σ with constant interaction strength η ∈ R is formally given by A η = −icα · ∇ + mc 2 β + ηδ Σ , where δ Σ stands for the δ-distribution supported on the surface Σ acting as
Note that A η is defined on functions that are weakly differentiable away from Σ, the δ-interaction is then modeled, as usual, by a jump condition for these functions on Σ.
It is the main objective of this paper to analyze the properties of Dirac operators with electrostatic δ-shell interactions by applying the abstract technique of quasi boundary triples and their Weyl functions from extension theory of symmetric operators. Our investigations and some of our results are inspired by the very recent contributions [2, 3, 4] in this area. The mathematical study of Dirac operators with δ-interactions started in the 1980s. One dimensional Dirac operators with singular point interactions were studied in [25] ; cf. also [1, Appendix J], [15] and the references therein, and the first mathematically rigorous contribution on a Dirac operator in R 3 with a δ-shell interaction supported on a sphere was [19] . Using a decomposition into spherical harmonics and the results on the one dimensional Dirac operator with singular interactions self-adjointness of A η and a number of spectral properties were shown. The interest in the topic arose again with the discovery of a family of artificial materials where the Dirac equation can be approximately deduced from Schrödinger's equation [33] . From a mathematical point of view the investigation of Dirac operators with δ-interactions supported on more general surfaces in R 3 was initiated recently in [2, 3, 4] .
Our motivation is to show how the concept of quasi boundary triples and their Weyl functions can be used to introduce and study Dirac operators with electrostatic δ-shell interactions. Quasi boundary triples are a slight generalization of the concept of (ordinary) boundary triples, which is a powerful tool in the analysis of self-adjoint extensions of symmetric operators [13, 14, 17, 27, 29] . Quasi boundary triples were originally introduced in [6] for the study of elliptic partial differential operators, they were applied in the investigation of Schrödinger operators with singular interactions in [8] , and they are easily applicable also to Dirac operators since in contrast to form methods no semi-boundedness is required. In this context let us briefly explain our approach to define the Dirac operator A η with an electrostatic δ-shell interaction. Let S be the restriction of the free Dirac operator A 0 to functions that vanish at Σ and let S * be its adjoint. We then construct an operator T which is dense in S * and define the δ-operators A η as restrictions of T to functions that satisfy certain jump conditions on Σ; cf. Section 4 for details. For η = ±2c we conclude the self-adjointness of A η and a Krein type formula relating the resolvent of A η with the resolvent of the free Dirac operator A 0 from the general theory of quasi boundary triples and their Weyl functions. We remark that the self-adjointness of A η for η = ±2c is also proven in [2] using another approach.
Let us describe the main results of this paper. First, we discuss the spectral properties of the Dirac operator with an electrostatic δ-shell interaction. Making use of some special properties of the Weyl function in the present situation the next result can be viewed as a consequence of the abstract resolvent formula and the particle in the presence of such a potential. Furthermore, this theorem allows one to deduce spectral properties of A η for large c from the well-known results on the Schrödinger operator with a δ-potential. Similar statements are already obtained for the one dimensional Dirac operator with δ-interactions; see [1, 15, 25] . In a slightly simplified form Theorem 5.3 reads as follows. Theorem 1.3. Let η ∈ R and let A η be the Dirac operator with an electrostatic δ-shell interaction of strength η. Then, for any λ ∈ C \ R it holds
where I 2 denotes the identity matrix in C 2×2 and the convergence is in the operator norm.
Finally, let us familiarize the reader with the structure of this paper. In Section 2 we provide a brief introduction to the general theory of quasi boundary triples and their Weyl functions. The abstract results are formulated in the way they are needed to prove our main results. Then, in Section 3 we introduce and investigate a quasi boundary triple which is suitable to define and study the Dirac operator A η with an electrostatic δ-shell potential. Using this quasi boundary triple we conclude the self-adjointness of A η and derive a Krein type resolvent formula, which is an important tool in the proofs of our main results in Section 4 and Section 5. Finally, we have added the short Appendix A on criteria for the boundedness of certain integral operators to ensure a self-contained presentation.
Notations. The identity matrix in C n×n is denoted by I n . The Dirac matrices α 1 , α 2 , α 3 and β are (1.1)
where σ j , j ∈ {1, 2, 3}, are the Pauli spin matrices
Note that the Dirac matrices satisfy the anti-commutation relation
with the convention α 0 := β.
For vectors x = (x 1 , x 2 , x 3 ) ⊤ we sometimes use the notation α · x := 3 j=1 α j x j . Furthermore, m and c denote positive constants that stand for the mass of the particle and the speed of light, respectively. The square root √ · is fixed by √ λ ≥ 0 for λ ≥ 0 and by Im √ λ > 0 for λ ∈ C \ [0, ∞). Throughout the text Σ is the boundary of a bounded C ∞ -smooth domain in R
3
and σ denotes the Hausdorff measure on Σ. We shall mostly work with the L 2 -spaces L 2 (R 3 ; C n ) and L 2 (Σ; C n ) of C n -valued square integrable functions, and more generally with L 2 (X; µ; C n ), where (X, µ) is a measure space. We denote by C ∞ c (Ω; C n ) the space of C n -valued smooth functions with compact support in an open set Ω ⊂ R 3 , H k (R 3 ; C n ) stands for the usual Sobolev space of k-times weakly differentiable functions and
In a similar manner, Sobolev spaces on Σ are denoted by
For Hilbert spaces X and Y we denote by B(X, Y ) the space of all everywhere defined and bounded linear operators from X to Y , in the case X = Y we shall simply write B(X). We use S p,∞ (X, Y ) for the weak Schatten-von Neumann ideal of order p > 0. Recall that a compact operator K : X → Y belongs to S p,∞ (X, Y ), if there exists a constant κ such that the singular values s k (K) of K satisfy s k (K) ≤ κk −1/p for all k ∈ N; cf. [26] or [9, Section 2.2]. When no confusion can arise we will suppress the spaces X, Y and simply write S p,∞ . For a linear operator T : X → Y we denote the domain, range, and kernel by dom T , ran T , and ker T , respectively. If T is a closed operator in X then its resolvent set, spectrum, essential spectrum, discrete and point spectrum are denoted by ρ(T ), σ(T ), σ ess (T ), σ d (T ), and σ p (T ), respectively. Finally, ♯σ d (T ) denotes the number of discrete eigenvalues counted with multiplicities.
Quasi boundary triples and associated Weyl functions
In this section we provide a brief introduction to boundary triple techniques in extension and spectral theory of symmetric and self-adjoint operators in Hilbert spaces. Here we present the necessary abstract material that is used in the formulation and proofs of our main results on Dirac operators with electrostatic δ-shell interactions; we refer the reader to [6, 7, 14, 16, 17, 18, 27] for more details, complete proofs and typical applications of boundary triples and their Weyl functions in the theory of ordinary and partial differential operators.
In the following let H be a Hilbert space with inner product (·, ·) H , let S be a densely defined closed symmetric operator in H, and let S * be the adjoint of S.
is a Hilbert space and Γ 0 , Γ 1 : dom T → G are linear mappings such that the following conditions (i)-(iii) hold.
(i) The abstract Green's identity
A quasi boundary triple is said to be a generalized boundary triple if ran Γ 0 = G and it is called an ordinary boundary triple if ran Γ = G × G.
The notion of quasi boundary triples was introduced in [6] and further studied in [7] and, e.g. [8, 9, 10] . It slightly extends the concepts of generalized boundary triples from [18] and ordinary boundary triples from [13, 29] . We note that the above definition of ordinary boundary triples is equivalent to the usual definition in [14, 17, 27] ; cf. [6, Corollary 3.2] . We also mention that a quasi boundary triple for S * exists if and only if S admits self-adjoint extensions in H, that is, if and only if the defect numbers dim ker(S * ± i) coincide, and that the operator T arising in Definition 2.1 is in general not unique (namely, when the defect numbers of S are both infinite). Assume that T ⊂ T = S * and let {G, Γ 0 , Γ 1 } be a quasi boundary triple for S * . Then according to [6] one has
Next we recall a variant of [6, Theorem 2.3] which in many situations is an efficient tool to verify that a certain boundary space G and boundary mappings Γ 0 , Γ 1 form a quasi boundary triple. We will make use of Theorem 2.2 in the proof of Theorem 3.2.
Theorem 2.2. Let T be a linear operator in H, let G be a Hilbert space and assume that Γ 0 , Γ 1 : dom T → G are linear mappings which satisfy the following conditions (i)-(iii).
is a densely defined closed symmetric operator in H and {G, Γ 0 , Γ 1 } is a quasi boundary triple for T = S * such that A 0 = T ↾ ker Γ 0 .
In the following assume that {G, Γ 0 , Γ 1 } is a quasi boundary triple for T = S * with A 0 = T ↾ ker Γ 0 . The definition of the γ-field and Weyl function associated to the quasi boundary triple {G, Γ 0 , Γ 1 } below is based on the direct sum decomposition
For ordinary and generalized boundary triples the γ-field and Weyl function were introduced in [17] and [18] . The definition for quasi boundary triples is formally the same.
Definition 2.3. The γ-field γ and Weyl function M corresponding to a quasi boundary triple {G, Γ 0 , Γ 1 } for T = S * are defined by
respectively.
It is immediate from the Definition 2.3 and (2.1) that γ(λ), λ ∈ ρ(A 0 ), is a linear operator defined on ran Γ 0 which maps onto ker(T − λ). Since ran Γ 0 = dom γ(λ) is dense in G by Definition 2.1 (ii) it is clear that γ(λ), λ ∈ ρ(A 0 ), is a densely defined operator from G into H. It can be shown with the help of the abstract Green's identity in Definition 2.1 (i) that
and this yields γ(λ) = γ(λ) * * ∈ B(G, H) for λ ∈ ρ(A 0 ); cf. [6, Proposition 2.6] or [7, Proposition 6.13] . Furthermore, for λ, µ ∈ ρ(A 0 ) and ϕ ∈ ran Γ 0 one has
In particular, for all ϕ ∈ ran Γ 0 the H-valued function λ → γ(λ)ϕ is holomorphic on ρ(A 0 ). For λ ∈ ρ(A 0 ) we shall later also make use of the relations
for ϕ ∈ ran Γ 0 and
which were proved in [10, Lemma 2.4] . In the context of the γ-field we finally note that in the case of an ordinary or generalized boundary triple {G, Γ 0 , Γ 1 } the property ran Γ 0 = G implies γ(λ) = γ(λ). This leads to some obvious simplifications in the above considerations, that is, (2.3) and (2.4) hold for all ϕ ∈ G and they can be viewed as equalities in B(G, H).
Next we collect some useful properties of the Weyl function M associated to the quasi boundary triple {G, Γ 0 , Γ 1 }. Observe first that the values M (λ), λ ∈ ρ(A 0 ), are densely defined linear operators in G with dom M (λ) = ran Γ 0 and ran M (λ) ⊂ ran Γ 1 , and that
For λ, µ ∈ ρ(A 0 ) the Weyl function and γ-field are connected via the identity 
and hence for each ϕ ∈ ran Γ 0 the G-valued function λ → M (λ)ϕ is holomorphic on ρ(A 0 ). Moreover, due to (2.8) the operator-valued function λ → M (λ) can be viewed as the sum of a possibly unbounded operator M (µ) and the function
whose values are densely defined bounded operators. Thus it is clear that for λ ∈ ρ(A 0 ) the derivatives of M are bounded operators and from [10, Lemma 2.4] and (2.2) one obtains for ϕ ∈ ran Γ 0
Similarly, as for the γ-field some of the above considerations simplify in the special case that M is the Weyl function corresponding to an ordinary or generalized boundary triple {G, Γ 0 , Γ 1 }. Since in both situations ran Γ 0 = G it follows that the operators M (λ) are defined on the whole space G and hence (2.
. Hence (2.9) holds for all ϕ ∈ G and hence, as an equality in B(G) and by (2.10) the B(G)-valued operator function M is monotonously non-decreasing on intervals in ρ(A 0 ) ∩ R. We shall use quasi boundary triples and their Weyl functions to describe selfadjoint extensions of S and their spectral properties in Section 4. For a linear operator B in G we consider the extension (2.11)
that is, f ∈ dom T belongs to dom A [B] if and only if f satisfies the abstract boundary condition Γ 0 f = −BΓ 1 f . We emphasize that the abstract boundary condition in (2.11) is different to the usual choice ker(Γ 1 − ΘΓ 0 ), but is formally related to it via Θ = −B −1 . Note that for a symmetric operator B in G the abstract Green's identity yields
and hence the extension A [B] is symmetric in H. However, it is important to note that a self-adjoint operator B does not automatically lead to a self-adjoint extension A [B] . In fact, in contrast to the theory of ordinary boundary triples in the more general situation of quasi boundary triples and generalized boundary triples there is not a one-to-one correspondence between self-adjoint parameters B (or Θ) and self-adjoint extensions A [B] of the symmetric operator S in H.
The next theorem contains a variant of Krein's resolvent formula for canonical extensions which is useful to prove self-adjointness of such extensions; cf. [6, Theorem 2.8], [7, Theorem 6.16] , and [10, Theorem 2.6].
Theorem 2.4. Let S be a densely defined closed symmetric operator in H and let {G, Γ 0 , Γ 1 } be a quasi boundary triple for T = S * with A 0 = T ↾ ker Γ 0 , γ-field γ and Weyl function M . Let B be a linear operator in G and let A [B] be the extension of S in (2.11). Then for all λ ∈ ρ(A 0 ) one has
is a self-adjoint operator in H and (2.13) holds for all λ ∈ ρ(A 0 ) ∩ ρ(A [B] ) and all g ∈ H.
3. Quasi boundary triples and Weyl functions for Dirac operators with singular interactions supported on Σ In this section we construct a quasi boundary triple which turns out to be suitable for the definition of Dirac operators with electrostatic δ-shell interactions supported on a compact C ∞ -surface Σ. We pay special attention to the properties of the associated Weyl function; these in turn will lead to a better understanding of the spectral properties of Dirac operators with electrostatic δ-shell interactions in Section 4. For λ ∈ (−mc 2 , mc 2 ) the values M (λ) of the Weyl function are closely related with the operators C λ σ in [2, 3, 4] ; in this view the results on M (·) in Proposition 3.5 (ii) and Proposition 3.6 for λ ∈ (−mc 2 , mc 2 ) are known from [2, 3, 4] .
Recall first that the free Dirac operator
where the Dirac matrices α 1 , α 2 , α 3 and β are given by (
holds; cf. [32] or [35, Chapter 20] . Next, for λ ∈ ρ(A 0 ) the resolvent of A 0 acts as
where the C 4×4 -valued integral kernel G λ is given by
The explicit form of this integral kernel will be particularly important in our further considerations. Moreover, if we denote by In the following let Σ be the boundary of a bounded C ∞ -domain in R 3 . For the definition of the quasi boundary triple in Theorem 3.2 below we first introduce two integral operators associated with the function
Note that there exist constants κ, R > 0 such that
It was shown in [2, Lemma 3.3 and Lemma 3.7] that M is a bounded self-adjoint operator (to see this, note that cM = C σ in the notation of [2, Lemma 3.3] , where m in [2, Lemma 3.1] is replaced by mc). Furthermore, we define the mapping γ :
and observe that (3.6) and Proposition A.4 imply that γ is bounded and everywhere defined.
The following auxiliary result ensures that the operator T in (3.9) below is welldefined. 
, and since the range of the mapping
In the following elements in dom T will always be written in the form f + γϕ with f ∈ H 1 (R 3 ; C 4 ) and ϕ ∈ L 2 (Σ; C 4 ); this decomposition is unique because of Lemma 3.1 and hence T is well-defined. Theorem 3.2. Let T be given by (3.9). Then, the operator
is densely defined, closed and symmetric in L 2 (R 3 ; C 4 ) and {L 2 (Σ; C 4 ), Γ 0 , Γ 1 }, where
is a quasi boundary triple for T = S * such that T ↾ ker Γ 0 coincides with the free Dirac operator A 0 in (3.1).
Proof. We shall use Theorem 2.2 to prove the claim. Note that the mappings Γ 0 and Γ 1 are well-defined by Lemma 3.1. First, we check Green's identity in Theorem 2.2 (i). For f + γϕ, g + γψ ∈ dom T it follows from (3.9) and the selfadjointness of A 0 that
by [2, Lemma 2.10] and M is self-adjoint we obtain
Next, we prove that Γ has dense range. To show this consider (ψ, ξ) ∈ (ran Γ) ⊥ . Then, we have
for all f + γϕ ∈ dom T . The special choice ϕ = 0 leads to
Since the trace operator has dense range we conclude ξ = 0 and therefore (3.12) reduces to
for all ϕ ∈ L 2 (Σ; C 4 ). Thus ψ = 0 and it follows that ran Γ is dense. It is clear that
. We have shown that assumption (ii) in Theorem 2.2 is satisfied. Finally, assumption (iii) in Theorem 2.2 holds, since T ↾ ker Γ 0 is the free Dirac operator. Now it follows from Theorem 2.2 that {L 2 (Σ; C 4 ), Γ 0 , Γ 1 } is a quasi boundary triple for T = S * , where S is the restriction of T onto ker Γ = H 
are everywhere defined and bounded, and given by
The operators γ(λ) and γ(λ) * are compact for all λ ∈ ρ(A 0 ).
, and this operator has the explicit representation
From the properties of the trace map we conclude ran γ(λ) * = H 1/2 (Σ; C 4 ), which together with the closed graph theorem implies that γ(λ)
* is bounded and everywhere defined as an operator from
Next, we analyze γ(λ), λ ∈ ρ(A 0 ). As Γ 0 is surjective it follows that γ(λ) is everywhere defined and bounded (see Section 2) and since γ(λ)
* is compact also γ(λ) = γ(λ) * * is compact. Moreover, using (3.13) and
, which yields the integral representation of γ(λ).
(ii) In order to compute M (λ), λ ∈ ρ(A 0 ), we use γ(λ) = (I 4 + λ(A 0 − λ) −1 )γ(0) and γ(0) = γ; cf. (2.3) and (3.8) . It follows from the definition of Γ 1 in (3.11) that
We shall derive an integral formula for (λ(A 0 − λ) −1 γϕ)| Σ next. First note that for all g ∈ C ∞ c (R 3 ; C 4 ) and almost all x ∈ R 3 we have
where Fubini's theorem, a permutation of the variables y and z and the identity G 0 (y − z) = G 0 (z − y) were used in the last two steps. Hence,
is true for almost all x, y ∈ R 3 . This can be extended by the continuity of G λ for all x = y. Employing again Fubini's theorem, we deduce for
Hence, for these x we obtain from (3.14), (3.7), (3.15), and dominated convergence that
this shows the representation of M (λ) in (ii). Note that the operators M (λ), λ ∈ ρ(A 0 ), are everywhere defined and bounded since ran Γ 0 = L 2 (Σ; C 4 ) (see Section 2).
In order to show self-adjointness and to discuss the spectral properties of Dirac operators with δ-shell interactions in the next section some more information on the Weyl function M (·) is necessary. Most of the results in the next two propositions are already contained in [3, 4] in a similar form; for the convenience of the reader we collect and trace them back to those in [3, 4] . First, we show that the Weyl function M (·) admits an extension to the points λ = ±mc 2 ; this extension is in accordance with the integral representation of M (·) in Proposition 3.4 (ii) in the sense that the functions G ±mc 2 in Proposition 3.5 (i) below coincide with the the integral kernel G λ of the resolvent of the free Dirac operator A 0 in (3.4) at λ = ±mc 2 . The assertion in Proposition 3. exist in the operator norm on B L 2 (Σ; C 4 ) . The corresponding limit op-
where the functions G ±mc 2 are defined by
.
(ii) The Weyl function λ → M (λ) is uniformly bounded on [−mc 2 , mc 2 ], i.e.
Proof. (i) We discuss only the case λ ր mc 2 , the statement for λ ց −mc 2 can be proved in exactly the same way. We define the singular integral operator
and show that M (λ) converges to C in the operator norm as λ ր mc 2 . Note that for λ ∈ (−mc 2 , mc 2 ) we have
where for j ∈ {1, 2, 3} the operator
4π|x| .
We will see that the operators T 1 (λ), T 2 (λ) and T 3 (λ) are bounded and everywhere defined, which yields then that also C has this property. First, since |t
, Proposition A.5 yields that there is a constant κ 1 (independent of λ) such that
Similarly, as |t
for all x ∈ R 3 and a constant κ 2 we obtain from Proposition A.5 a constant κ 3 (independent of λ) such that
Eventually, to get a suitable estimate for t λ 3 we note first that
Thus, there exists a constant κ 4 such that |t
for all x ∈ R 3 . Therefore, we can apply Proposition A.5 and obtain some κ 5 (independent of λ) such that
Combing (3.16)-(3.18) we conclude
which shows the claim of statement (i).
(ii) In the same way as in [3, Lemma 3.2] (where the case c = 1 is treated) one verifies sup M (λ) < ∞.
In the following proposition we collect some spectral properties of the Weyl function M (·). In particular, we give a detailed description of the spectrum of M (λ) for λ ∈ [−mc 2 , mc 2 ], which is needed to prove that the discrete spectrum of the Dirac operator with an electrostatic δ-shell interaction is finite. The results are mostly contained in [4, Lemma 3.2], but for the convenience of the reader we add their proofs here. Proposition 3.6. Let {L 2 (Σ; C 4 ), Γ 0 , Γ 1 } be the quasi boundary triple in Theorem 3.2 with corresponding Weyl function M (·). Then the following assertions hold. 
Moreover, for any fixed λ ∈ [−mc 2 , mc 2 ] the number 1 2c is the only possible accumulation point of the sequence (µ n (λ)).
Proof. (i) First, it follows from [2, equation (22) and Lemma 3.5] that
where K is a compact operator in L 2 (Σ; C 4 ) (note that cM (0) = C σ in the notation of [2, Lemma 3.1 and Lemma 3.3], where m in [2, Lemma 3.1] has to be replaced by mc). For λ ∈ ρ(A 0 ) we have
by (2.7), and as all operators on the right hand side are bounded and everywhere defined we get
where
is compact, as γ(0) * and γ(λ) are compact by Proposition 3.4 (i). Hence, assertion (i) of this proposition is true.
In order to show (ii) assume first that λ ∈ (−mc 2 , mc 2 ). By (i) there exist at most countable sequences of eigenvalues µ 
and hence
Thus, it follows that
In particular, both points ± 
Dirac operators with δ-shell interactions and their spectra
In this section we define Dirac operators with electrostatic δ-shell interactions supported on surfaces in R 3 and study their spectral properties. The definition of the operator A η for constant interaction strength η = ±2c is via the quasi boundary triple in Theorem 3.2.
Definition 4.1. Let T be given by (3.9) and let {L 2 (Σ; C 4 ), Γ 0 , Γ 1 } be the quasi boundary triple in Theorem 3.2. The Dirac operator A η with an electrostatic δ-shell interaction of strength η ∈ R \ {±2c} supported on Σ is defined by
or, equivalently, admits the following more explicit representation:
The boundary condition for f + γϕ ∈ dom A η corresponds to a certain jump condition:
Let Ω ⊂ R 3 be the bounded C ∞ -domain with ∂Ω = Σ, denote the outer unit normal vector field of Ω by ν and let h := f + γϕ ∈ dom A η . It is known that for x ∈ Σ the nontangential limits
and h − (x) := lim
exist and define functions in L 2 (Σ; C 4 ); cf. [2, Lemma 3.3] (note that cγ = Φ(·) and cM = C σ with Φ(·) and C σ in the notation of [2, Lemma 3.3] ). Making use of (α · ν) 2 = I 4 (this follows from (1.2)) one verifies that the boundary condition η(f | Σ + M ϕ) = −ϕ is equivalent to the jump condition
Note that Green's identity for the quasi boundary triple {L 2 (Σ; C 4 ), Γ 0 , Γ 1 } shows that A η is symmetric; cf. (2.12). In the following we shall employ some abstract results on quasi boundary triples and their Weyl functions from Section 2, which together with the properties of the γ-field and Weyl function M (·) in Propositions 3.4-3.6 are the main ingredients in the proofs of Theorem 4.4 and Theorem 4.6 below. We first verify that I 4 + ηM (λ) is boundedly invertible. Lemma 4.3. Let η ∈ R\ {±2c} and let λ ∈ C\ R. Then, I 4 + ηM (λ) has a bounded and everywhere defined inverse.
Proof. First, we note that I 4 + ηM (λ) is injective for λ ∈ C \ R, as otherwise λ would be a non-real eigenvalue of the symmetric operator A η ; cf. Theorem 2.4. It remains to prove that I 4 + ηM (λ) is surjective. Observe that by Proposition 3.6 (i)
where K(λ) is a compact operator. Hence,
and therefore ran(I 4 + dK(λ)) ⊂ ran(I 4 + ηM (λ)). Since the left hand side in the above equation is injective (otherwise λ would be a non-real eigenvalue of one the symmetric operators A ±η by Theorem 2.4) the same is true for the right hand side. Thus, the Fredholm alternative implies that ran(I 4 + dK(λ)) = L 2 (Σ; C 4 ). Hence, I 4 + ηM (λ) is also surjective, which yields the assertion.
In the next theorem we verify the self-adjointness of A η , provide a Krein type resolvent formula, and we investigate the discrete spectrum of A η in the gap (−mc 2 , mc 2 ) of the essential spectrum. It turns out in (iii) that the discrete spectrum in (−mc 2 , mc 2 ) is finite (and non-trivial for certain η by Corollary 5.5). Moreover, for sufficiently small and sufficiently large |η| the discrete spectrum of A η is empty by assertion (iv). While this behavior for small interaction strengths is similar as for Schrödinger operators with δ-interactions, such an effect does not occur for large η. This result and also assertion (ii) are known from [3] ; here they follow immediately from Theorem 2.4 and Proposition 3.6. M (λ) .
Then the Dirac operator
. Furthermore, the following assertions are true.
and that the resolvent of A η is given by (4.1) are immediate consequences of Theorem 2.4 and Lemma 4.3.
(i) The resolvent formula (4.1) implies that (A η − λ) 
(ii) This claim follows from Theorem 2.4. Assertion (iii) will be shown by an indirect proof. Assume that for some interaction strength η ∈ R \ {±2c} there are infinitely many discrete eigenvalues of A η in the gap (−mc 2 , mc 2 ) of the essential spectrum. Then mc 2 or −mc 2 is an accumulation point and in the following we discuss the case η < 0 and that there is a sequence (λ n ) ⊂ σ(A η ) ∩ (−mc 2 , mc 2 ) which tends to mc 2 ; the cases with η > 0 or eigenvalues accumulating to −mc 2 can be treated analogously. Recall from Proposition 3.6 (ii) that 
for all n ∈ N and hence the infinite sequences ( 2 )) and σ(M (mc 2 )) in
(iv) For η ∈ {0, ±2c} it follows from (ii) that λ ∈ (−mc 2 , mc 2 ) is an eigenvalue of A η if and only if − 1 η is an eigenvalue of M (λ). Hence the assertion follows from the fact that
Besides the qualitative properties of the spectrum of A η in Theorem 4.4 we establish a trace class result important for mathematical scattering theory in Theorem 4.6 below. We keep the notations simple and skip the respective spaces in the symbols of (weak) Schatten-von Neumann ideals S p,∞ . We also note the useful property Lemma 4.5. Let λ ∈ C \ R and let the operators γ(λ) and M (λ) be given as in Proposition 3.4. Then for all k ∈ N 0 one has
Proof. We shall use that for all λ ∈ ρ(A 0 ) the relations
hold; see (2.4) and (2.9). It follows from (3.5) and dom In the next theorem we prove that the difference of the third powers of the resolvents of A η and A 0 is a trace class operator, and we provide a formula for the trace in terms of the Weyl function M (·). Note that the trace on the left hand side in (4.6) is taken in the space L 2 (R 3 ; C 4 ), whereas the trace on the right hand side is in the boundary space L 2 (Σ; C 4 ). We refer the reader to [10, 23, 24] and the references therein for related results on elliptic differential operators, Fredholm perturbation determinants and other types of trace formulae for Schrödinger operators. 
belongs to the trace class ideal and
holds. In particular, the wave operators for the pair {A η , A 0 } exist and are complete, and the absolutely continuous parts of A η and A 0 are unitarily equivalent.
Proof. For η ∈ R \ {±2c} and λ ∈ ρ(A 0 ) ∩ ρ(A η ) it follows from Lemma 4.3 and Theorem 4.4 that (I 4 + ηM (λ)) −1 η is a bounded and everywhere defined operator. We shall use the symbol B for the class of bounded and every defined operators in the following. The resolvent formula from Theorem 4.4 and [10, equation (2.7)] yield
Before we verify that each summand in the right-hand side in (4.7) is a trace class operator we first mention that
This shows that A η is indeed the relativistic counterpart of the Schrödinger operator with a δ-interaction. Because of the convergence in the nonrelativistic limit one can also deduce spectral properties of A η for large c from those of the Schrödinger operator with a δ-interaction. As an illustration we show in Corollary 5.5 that for sufficiently large −η > 0 the number of eigenvalues of A η in the gap (−mc 2 , mc 2 ) of σ ess (A η ) becomes large.
First we recall the definition of the Schrödinger operator with a δ-potential supported on Σ of strength η ∈ R and some of its properties. For this consider the sesquilinear form
which is symmetric, bounded from below and closed, see [12, Section 4] or [8] .
The corresponding self-adjoint operator −∆ η is the Schrödinger operator with a δ-potential supported on Σ of strength η. In what follows, we want to state a suitable resolvent formula for −∆ η . For this purpose, we introduce for λ ∈ C \ R the function
Then, K λ is the integral kernel of the resolvent of − 1 2m ∆, i.e.
Furthermore, we define the operators γ(λ) :
According to [8, Proposition 3.2 and Remark 3.3 ] the operators γ(λ) and M (λ) are bounded and everywhere defined. It is not difficult to check that the adjoint of
With these notations we recall a resolvent formula for −∆ η ; cf. [8, Theorem 3.5] or [12, Lemma 2.3 ].
Theorem 5.1. Let η ∈ R and let λ ∈ C \ R. Then the operator I + η M (λ) has a bounded and everywhere defined inverse and
It will be shown that the resolvents of the Dirac operators A η with η ∈ R fixed converge in the nonrelativistic limit to the resolvent of the Schrödinger operator with a δ-potential times a projection to the upper components of the Dirac wave function, i.e. that for any λ ∈ C \ R 
Proof. Since all differences that shall be estimated in the operator norm are integral operators with the integral kernel G λ+mc 2 − K λ P + we consider first this function. Let K λ be as in (5.2) and note that
We use the decomposition
where the functions t 1 and t 2 are defined by
It is easy to see that there exist positive constants κ 1 (m, λ) and κ 2 (m, λ) independent of c and an R > 0 such that
In order to estimate t 2 note that hold for all t ∈ [0, 1]. This implies
Eventually, because of the estimates (5.8), (5.10) and (5.12) there exist constants
Now, we are prepared to prove (5.7a)-(5.7c). By (3.3) and (5.3) we have
. Employing (5.13) and Proposition A.3 we find that
for some constant κ 7 (m, λ) and hence (5.7a) holds. In order to prove (5.7b) recall from Proposition 3.4 (i) and (5.4) that
for x ∈ R 3 and ϕ ∈ L 2 (Σ; C 4 ). Here, the asymptotics in (5.13) and Proposition A.4 yield
which is already the claimed estimate. Moreover, the relation (5.7c) follows by taking adjoints. Finally, we prove M (λ + mc 2 ) → M (λ)P + . For that purpose, we use the decomposition
where for j ∈ {1, 2, 3, 4} the operators U j :
and the functions u j are given by
with t 2 as in (5.9). Note that u 1 + u 3 + u 4 = t 1 with t 1 given by (5.9). It is easy to see that
for some constant κ 9 (m, λ) and all x ∈ R 3 \ {0}, and
for all x ∈ R 3 by (5.12). Next, we observe that
and hence there exists κ 10 (m, λ) such that
for all x ∈ R 3 \ {0}. Therefore, we can apply Proposition A.5 and obtain U j ≤ κ 11 (m, λ) c , j ∈ {1, 2, 3}, for some constant κ 11 (m, λ). Eventually, we note that U 4 = Finally, we show that for large c and −η > 0 sufficiently large the number of eigenvalues of A η in the gap (−mc 2 , mc 2 ) of σ ess (A η ) is big. The proof is based on Theorem 5.3 and a result from [20] on the spectrum of −∆ η . In a similar way, one can derive also other results on the spectrum of A η from the well-known properties of −∆ η . for x ∈ R 3 \ {0}. Then there is a constant K > 0 such that for all x ∈ R 3 R 3
τ (x − y)dy ≤ K.
(ii) Let s ∈ (0, 2). Then there is a constant K such that for all x ∈ R 3 Σ 1 + |x − y| −s dσ(y) ≤ K.
Proof. (i) For x ∈ R 3 fixed the translation invariance of the Lebesgue measure shows Since s ∈ (0, 2) the last sum is finite. Therefore, the claim is also true in the case |x| ≤ R 1 . The proof of Lemma A.2 (ii) is complete.
Finally, by applying the Schur test and the estimates from the previous lemma, we can show that integral operators with suitable integral kernels are bounded and everywhere defined and we get estimates for their operator norms. The results are formulated such that they can be applied directly in the main part of the paper.
